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Volterra
$\int x_{i+1}=qx_{i}-\sum_{j=-\infty}^{i}a_{i,j}f_{\tau-j}(x_{j})$ , $i=0,1,2,$ $\cdots\cdot$ ,
(1.1)
$\downarrow x_{j}=\phi_{j}$
, $-\infty<j\leq 0$ ,
. $0<q<1$ , $f_{j}(x)(0\leq i<+\infty)$ , $a_{t,j}\geq$




$i\geq 0$ , $f(x)$
$j=-\infty$
$\{\begin{array}{ll}f(0)=0, 0<\frac{f_{j}(x)}{f(x)}\leq 1, x\neq 0(0\leq j<+\infty),f(x)\not\equiv x \text{ }, xarrow-\infty 1i\bm{o}f(x) \text{ }.\end{array}$ (1.2)
, , Muroya, Ishiwata, Guglielmi [3]
Uesugi, Muroya, Ishiwata [5] , ,
(11) . (1.1)
, Volterra (Vecchio [6] Song,
Baker [4] ).
, .
11 (11) , $\epsilon>0$ $i_{0}$ , (11) $\{x_{i}\}_{i=0}^{\infty}$
$\sup\{|x_{i_{0}-.j}||0\leq.\gamma<+\infty\}<\delta$ , $|x_{i},|<\epsilon,$ $i=i_{0},$ $i_{0}+1,$ $\cdots$ $\delta=\delta(\epsilon)>0$
.
12 (11) , (11) $iarrow\infty$ , $0$
.
13 (11) , ,
.
1.4 (1.1) , , , (1.1) $\{x_{i}\}_{i=0}^{\infty}$
$|x_{j}|<\delta,$ $-\infty<j\leq 0$ , $\lim_{iarrow\infty}x_{i}=0$ $\delta>0$ .




2.1 $\{x_{i}\}_{i=0}^{\infty}$ (1.1) . $i\geq i_{0}$ , $x_{i}\geq 0$ (respect. $x_{i}\leq 0$ )
$i_{0}$ , $-1 \sum^{i_{0}}a_{i,j}$ . , $\tilde{b}_{i,i_{0}}=$
$j=-\infty$
$- \sum_{J=-\infty}^{i_{0}-1}a_{i,j}f_{i-j}(x_{j})$
$\lim s\tau\iota px_{i}iarrow\infty\leq\frac{\lim\sup_{iarrow\infty}\tilde{b}_{i,i_{O}}}{1-q}$ ( $r$es$n$ect . $\lim\inf x_{i}j.arrow\infty\geq\frac{\lim\sup_{iarrow\infty}\tilde{b}_{i,i_{0}}}{1-q}$ )
.
, a) $\lim_{iarrow\infty}\tilde{b}_{i,i_{0}}=0$ , b) $\lim\inf(\lim\inf a_{i,j})jarrow\infty iarrow\infty>0$, , $\inf_{j\geq 0}f_{j}(x)\geq\underline{f}(x)$
(respect. $\sup_{j>0}f_{j}(x)\leq f(x)$ ), $x\in(-\infty, +\infty)$ $f(0)=0$ $(-\infty, +\infty)$
$\underline{-f}(x)$ . , $\lim_{iarrow\infty}x_{i}=0$ .
$\sum_{j^{0}=-\infty}^{i-1}a_{t,J}=\sum_{k=(i-i_{0})+1}^{\infty}a_{i,i,-k}$ . (1.1) convolution
, $*,j=$.ai-j, $-\infty<j\leq i$ , $\lim_{tarrow\infty}\tilde{b}_{i,i_{0}}=0$ $\sum_{k=0}^{\infty}a_{k}<+\infty$ .
, $i_{0}\geq 0$ , $\lim_{iarrow\infty}\sum_{k=(i.-j_{0})+1}^{\infty}a_{k}=0$
.
22 $f(x)\neq x$ $\{x,\}_{i=0}^{\infty}$ (1.1) . $x_{i}$ $0$ ,
$\lambda=\sup_{i\geq 0}\sum_{k=0}^{:}q^{i-k}\sum_{j=-\infty}^{k}a_{k,j}<+\infty$ , $x_{r:}$ .
21 $f(x)\neq x$ $\lambda<+\infty$ , 22 , $0$ (11) $x_{t}$
.
, $r_{1}= \sup_{i\geq 0_{k}}\sum_{=0}^{i}q^{i-k}(\sum_{j=0}^{k}a_{k,j})$ . .
2.1 $f(x)$ $(-\infty, +\infty)$ , $L<0$ $-r_{1}f(-r_{1}f(L))>L$ .
, , (1.1) .
$\lim_{k_{1}arrow\infty}(\lim\sup_{k}\sum_{=k_{1}+1}^{\infty}a_{i,i-k})iarrow\infty=0$ . (2.1)
( ) 21 , (1.1) $x_{i}$. $0$ .
I) , $f(x)\neq x$ . (1.1) $x_{i}$ 22 . $\underline{x}=$
$\lim\inf x_{i}iarrow\infty<0$ , $M=$ $\sup_{-\infty<i<+\infty}$ $|f(x_{i})|<+\infty$ . ,
$0<\epsilon<\overline{X}$ $[0, \epsilon]$
$F(x)=-r_{1}f(-r_{1}f(\underline{x}-x)+2x)-.3x$ . $F(O)=.-r_{1}f(-r_{1}f(\underline{x}))>\underline{x}$
, $x=0$ $F(x)$ , $F(\epsilon_{0})=-r_{1}f(-r_{1}f(\underline{x}-\epsilon_{0})+2\epsilon_{0})-3\epsilon 0>\underline{X}$
$0<\epsilon_{0}<\epsilon$ . $-X= \lim\inf x_{i}iarrow\infty<0$ , $\epsilon_{0}>0$ , $i\geq i_{0}$ ,
$x_{i}>\underline{x}-\epsilon_{0}$ $i_{0}$ . (2.1) , $\epsilon_{1}=(1-q)\epsilon 0/M>0$ ,
$\sum_{j=-\infty}^{(i-k_{1})-1}a_{1,j}=\sum_{k=k_{1}+1}^{\infty}a_{i,i-k}<\epsilon_{1}$ , $i\geq i_{1}\geq 2k_{1}+i_{0}$ , $q^{k_{1}+1}<\epsilon_{0}/M$ .
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il $k_{1}\geq i_{0}$ . , $l\geq i_{1}$ $\tilde{b}\downarrow,\ell-k_{1}=-\sum_{j=-\infty}^{(l-k_{1})-1}a_{l,j}fi_{-j}(x_{j})$
,
$(l-k_{1})-1$
$| \overline{b}_{l,l-k_{1}}|\leq(\sum_{j=-\infty}a_{l,j})M=(\sum_{k=k_{\text{ }}+1}^{\infty}a_{l,l-k})M<\epsilon_{1}M=(1-q)\epsilon_{0}$ ,
, , $i\geq i_{1}+k_{1}$ , $| \sum_{k=i-k_{1}}^{i}q^{i-k}\overline{b}_{k,k-k_{1}}|\leq\sum_{k=i-k_{1}}^{\mathfrak{i}}q^{i-k}(1-q)\epsilon_{0}<\epsilon_{0}$.
a) $x_{i+1},$ $i\geq i_{1}+k_{1}$ .
$x_{i+1}=qx_{i}- \sum_{j=i-k_{1}}^{i}a_{i,j}f_{i-j}(x_{j})+\overline{b}_{\dot{*},i-k_{1}}$ , $i\geq i_{1}+k_{1}$ .
$i)$
( $i\geq i_{t}+k_{1}$ , $x_{i+1}>x_{i}$ , $\underline{x}-\epsilon 0<x_{\rho(i)}=.\min_{-k_{1}\leq j\leq i}x_{j}<0$
$\underline{g}(i)\in\{i-k_{1}, i-k_{1}+1, \cdots i\}$ . , (1.1) ,
$x_{i+1}$ $\leq$ $q^{i-\underline{g}(i)+1}x_{g(i)}-.( \sum_{k=\underline{g}(i)}^{i}q^{i-k}\sum_{j=k-k_{1}}^{k}a_{k_{\dot{\beta}}}.)f(\underline{x}-\epsilon)-\sum_{k=i-k_{1}}^{i}q^{i-k}\tilde{b}_{k,k-k_{1}}$
$-( \sum_{k=i-k_{1}}^{i}q^{i-k}\sum_{j=k-k_{1}}^{k}a_{k,j})f(\underline{x}-\epsilon)+\epsilon_{0}\leq-7_{1}f(\underline{\prime x}-c)+\epsilon 0\leq R,\underline{x}$
. $R_{\underline{x}}$. $=-rlf(\underline{x}-\epsilon_{0})+2\epsilon_{0}$ .
ii) $x\iota+1>x_{t}$ , $i\geq i_{1}+k_{1}$ , $x_{i},$ $x_{i-1},$ $\cdots x_{i-k_{1}}\geq 0$ .
$x_{j}\geq 0,$ $i-k_{1}\leq j\leq iq^{k_{1}+1}M<\epsilon_{0}$ $| \sum_{k=i-k_{1}}^{i}q;-k^{\sim}b_{k,k-k_{1}}|<\epsilon 0$ ..
$x_{i+1}$ $=$ $q^{k_{1}+1}x_{i-k_{1}}-( \sum_{k=i-k_{1}}^{i}q^{i-k}\sum_{j=k-k_{1}}^{k}a_{k,j}f_{k-j}(x_{j}))+\sum_{k=i-k_{1}}^{i}q^{i-k}\tilde{b}_{k,k-k_{1}}$
$\leq$ $- \sum_{k=i-k_{1}}^{*}q^{i-k}\sum_{=\dot{j}k-k_{1}}^{(i-k_{1})-1}a_{k,j}f(\underline{x}-\epsilon)+2\epsilon_{0}\leq R_{\underline{x}}$.
. , i) ii) , $x_{i+1}\leq R_{\underline{x}},$ $i\geq i_{1}+k_{1}$ .
b) $x_{1+1}=- \sum_{j=i-k_{1}}^{\prime,}a_{i,j}f_{i-j}(x_{j})\wedge+\tilde{b}_{i,t-k_{1}},$ $i\geq i_{1}+2k_{1}$ .
iii) $i\geq i_{1}+2k_{1}$ . $x_{i+1}<x_{i}$ , $R_{\underline{x}} \geq x_{\overline{g}(t)}=\max_{i-k_{1}\leq j\leq\dot{\iota}}x_{j}>0$
$\overline{g}(i)\in\{i-k_{1}, i-k_{1}+1, \cdots , i\}$ .
, , $x_{i+1}\geq-r_{1}f(R_{\underline{x}})-\epsilon_{0}>S_{\underline{x}}$ . , $S_{\underline{x}}=-r_{1}f(R_{\underline{x}})-2\epsilon_{0}$ .
iv) $x\iota+1<x_{i}$ , $i\geq i_{1}+2k_{1}$ , $x_{i},$ $x_{i-1},$ $\cdots x_{i-k_{1}}\leq 0$ .
, ,
$x_{i+1}$ $=$ $q^{k_{1}+1}x_{i-k_{1}}- \sum_{k=i-k_{1}}^{i}q^{i-k}.\sum_{j=k-k_{1}}^{:}a_{k,j}f_{k-j}(x_{j})+\sum_{k=,.i-k_{1}}^{i}q^{i-k}\tilde{b}_{k,k-k_{1}}$
$\geq$ $-( \sum_{k=i-k_{1}}^{:}q^{i-k}\sum_{j=k-k_{1}}^{(i-k_{1})-1}a_{k,j})f(R_{\underline{x}})-2\epsilon_{0}\geq S_{\underline{x}}$ .
107
, iii) iv) , $x_{i+1}\geq S_{\underline{x}},$ $i\geq i_{1}+2k_{1}$ . $S_{\underline{x}}-\epsilon_{0}=F(\epsilon_{0})>\underline{x}$
, $x_{i+1}\geq S_{\underline{x}}>\underline{x}+\epsilon_{0},$ $i\geq i_{1}+2k_{1}$ . . , $\underline{x}=0$ ,
21 , $\lim_{iarrow\infty}x_{i}=0$ .
II) $f(x)=x$ , $\lim_{\dot{\eta,}arrow}\sup_{\infty}|x_{i}|<+\infty$ , I) .
, .
(1.1) convolution , (2.1) $\sum_{k=0}^{\infty}a_{k}<+\infty$ .
21 $f(x)=x$ $f(x)=e^{x}-1$ , .
22 (1.1) , (2.1) . .
$\{\begin{array}{ll}f(x)=x \text{ }, r_{1}<1,f(x)=e^{x} 1 \text{ }, r_{1}\leq 1.\end{array}$ (2.2)
, (1.1) .
, $f_{j}(x)=x,$ $0\leq i<\infty$ , (2.1) .
$\{\begin{array}{ll}a_{i,i}\geq q, i\geq 0 fs5lf^{\backslash }, r_{1}<1+qa_{i,t}<q, i\geq 0 \text{ }, \overline{r}_{1}<1\end{array}$ (2.3)
, $\tilde{r}_{1}=\sup_{i\geq}\sum_{k=0}^{1}(q-hlmi11fa_{l,l})^{i-k}$( $\sum_{j=0}^{k-1}a$k,j). . , (1.1)
. , $q_{x}-a_{i,i}x=(q-a_{t,i})x,$ $i\geq 0$ , $q\geq 1$ .
22 (1.1) .
, $a 0>\sum_{j=1}^{\infty}a_{j}$ $f(x)=f_{0}(x)=e^{x}-1$ , convolution
$x_{i+1}=x_{i}- \sum_{j=-\infty}^{i}a_{i-j}f_{i-j}(x_{j})$ , $i=0,1,2,$ $\cdots$ . (2.4)
.
23 (1.2) $-\infty<i\leq i$ $a_{i,j}=a_{i-j}\geq 0$ ,
$\{\begin{array}{l}\overline{r}_{1}>\overline{r}_{2}\geq 0\overline{r}=\overline{r}_{1}+\overline{r}_{2}\leq 2\overline{r}_{1}+\overline{r}_{2}>1\overline{r}_{1}+\overline{r}_{2_{\overline{r}_{1}}}^{f}-s_{e^{\overline{r}\iota+\overline{r}_{2}-1}}.\geq 0\end{array}$
, (2.4) . , $\overline{r}_{1}=a_{0}$ $\overline{r}_{2}=\sum_{j=1}^{\infty}a_{j}$ .
3 $|f_{i}(x)|\leq|x|,$ $i\geq 0$
. $x_{i}$ .
$x_{0}=\phi_{0}$ , $x_{i+1}=qx_{i}- \sum_{j=0}^{i}a_{i,j}x_{j}+b_{i}$ , $b_{i}= \sum_{j=-\infty}^{-1}a_{i,j}\phi_{j}$ , $i\geq 0$ . (3.1)
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(3.1) , $|x_{0}|=|\emptyset 0|$ , $|x_{i+1}| \leq\sum_{j=0}^{i}|\tilde{a}_{i,j}||Xj|+|\tilde{b}_{i}|$ , $i\geq 0$ . , $\tilde{b}_{i}=b_{i},$ $i\geq$
$0,\tilde{a}_{i,j}=a_{i,j},$ $0\leq j\leq i-1$ $\tilde{a}_{i,i}=-q+0_{i,i}$ .
, Crisci [2] 31 31 .
3.1 $A= \sup_{0\leq j\leq i}|\tilde{a}_{i,j}|<+\infty$ $B=$ ln’a$x(|\phi_{\{)}|, \sup_{i\geq 0}|\tilde{b}_{i}|)<+\infty$ , $|x_{i}|\leq$
$(1+A)^{i}B$ , $i\geq 0$ . , $\overline{A}_{0}=\sup_{i\geq i_{0}}\sum_{j=i_{0}}^{i}|\tilde{a}_{i,j}|<1$ $i0$
, $x_{i}$ , $|x_{t}|\leq(1+A)^{i_{0}}B/(1_{-}-\overline{A}_{0})<+\infty,$ $i\geq i_{0}$ . ,
$\lim_{iarrow\infty}b_{i}=0$
$\lim_{k_{1}arrow\infty}(\lim_{iarrow\infty}\sum_{k=k_{1}+1}^{i}|a_{i,i-k}|)=0$ , $\lim_{iarrow\infty}x_{i}=0$ .
Crisci [1] , .
3.2 $\overline{A}=\sup_{j\geq 0}\sum_{i=j}^{\infty}|\tilde{a}_{\dot{\tau,},j}|<1$ $\overline{B}=|\phi_{0}|+\sum_{i=0}^{\infty}|\tilde{b}_{i}.|<+\infty$ , $\sum_{i=0}^{\infty}|x:|\leq$
$\overline{B}/(1-\overline{A})<+\infty$ , $\lim_{iarrow\infty}x_{i}=0$ .
$x_{i+1}=qx_{i}- \sum_{j=0}^{i}a_{i,j}x_{j}+b_{i_{\text{ }}}$ , $b_{i}= \sum_{j=-\infty}^{-1}a_{i,j}\phi_{j}$ , $i\geq 0$ (3.2)
, (3.2) (Crisci [2] 3.1 3.1
).
3.3 (3.2) , .
$\{\begin{array}{ll}\tilde{\alpha}_{j}=a_{i,-1,.i}-a_{;,j}, 0\leq j\leq i-2, i\geq 2\overline{c}_{i,i-1}=-q+a_{i-1,i-1}-a_{i,i-1}, i 1, \tilde{c}_{i,i}=1+q-a_{i,t}, i\geq 0\tilde{d}_{0}=b_{0} \text{ } \tilde{d}_{i}=b_{i}-b_{i-1}, i\geq .\end{array}$
i)
$C= \sup_{0\leq j\leq i}|c_{\ddot{n},j}^{\sim}|$
$D=m\prime t$]
$x(|\phi_{0}|, S11pi\geq 0|\tilde{d}_{i}|)<+\infty$
, $|x_{i}|\leq(1+C)^{\dot{\infty}}D,$ $i\geq 0$
. $\overline{o}_{0}=St1p\sum_{j=i_{0}}^{i}\geq io|\tilde{c}_{\dot{n},j}|<1$ $\dot{7,}0$ , $\prime r_{i}$, ,





ii) , $\overline{C}=\sup_{j\geq 0}\sum_{i=J}^{\infty}|\tilde{q}_{j}|<1$ $\overline{D}=\sum_{i,=0}^{\infty}|b_{i+1}-b_{i}|+|b_{0}|<+\infty$ , $\sum_{:=1}^{\infty}|x_{i}|\leq$
$\overline{D}/(1-\overline{C})<+\infty$ , $\lim_{iarrow\infty}x_{i}=0$ .
3.1 $a:,j=a,$ $0\leq i\leq i$ . , (2.1) , $2q<a<2$





$x_{i+1}=x_{i}- \sum_{j=-\infty}^{i}a_{l-j}f(x_{j})$ , $i=0,1,2,$ $\cdots$ , (4.1)
, $f(x)=e_{\text{ }}^{x}-1,$ $a_{j}=\lambda c_{j},$ $0 \leq j<+\infty,\sum_{j=0}^{\infty}a_{\dot{\gamma}}=\lambda$ , , $i=0,1,2,$ $\cdots$ .
$c_{0}= \int_{0}^{1}(1-t)k(t)dt$ , $c_{i-j}= \int_{0}^{1}\int_{0}^{1}k(i-j+u-s)dsdu$ , $-\infty<j\leq i-1$ , (4.2)
$\sum_{j=0}^{\infty}c_{j}=\int^{i+1}\int_{-\infty}^{u}k(u-s)dsdu=.\prime_{0}^{\infty}k(t)dt=k^{*}<+\infty$ .
, (4.1) 22 . , $k(t)=\sqrt{\pi\alpha}^{e}1-\alpha t^{2}$ $\alpha>0$
, $k^{*}=1$ $c 0=r_{\pi\alpha^{\int_{0^{1}}(1-t)e^{-\alpha t^{2}}dt\cdot\geq}}^{1}\ovalbox{\tt\small REJECT}_{\pi\alpha^{\int_{0}^{1}(1-t)(1-\alpha t^{2})dt=}}^{1}\tau_{\pi\alpha}^{1}(\frac{1}{2}-\frac{\alpha}{12})$
. , $\alpha\leq\frac{1}{4\pi}$ , $c 0>\frac{1}{2}$ . $a_{0}> \sum_{j=1}^{\infty}a_{j}$ ,
, $\sum_{j}^{\infty}=1a_{j}/a_{0}\leq 1/e$ . 2.3 (2.5) , (4.1). $0<\lambda\leq 2$ ,
.
22 (4.1) $f(x)=x$ , (4.1)
. , $0<\lambda<2$ , $k(t)=te^{-t}$ $\cdot(4.1)$ (cf.
Song, Baker [4]).
, Wazewska-Czyzewsk.a-Lasota (Wazewska, Czyzewska,
Lasota [7] ).
$y_{i+1}=qy_{i}+ \sum_{j=0}^{\infty}\beta_{j}e^{-\gamma y_{1-j}},$ $i=0,1,2,$ $\cdots$ , $0<q<1,$ $\gamma>0,$ $\beta_{j}\geq 0,$ $\beta=\sum_{j=0}^{\infty}\beta_{j}>0$ . (4.3)
$y^{*}$ $y^{*}=\beta e^{-\gamma y^{*}}/(1-q)$ , 22 (2.2) , $\gamma y^{*}\leq 1$ . $y^{*}$
.
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